Virialized Ultra-Light Fields (VULFs) while being viable cold dark matter candidates can also solve the standard model hierarchy problem. Direct searches for VULFs due to their non-particle nature require low-energy precision measurement tools. While the previous proposals have focused on detecting coherent oscillations of the measured signals at the VULF Compton frequencies, here we exploit the fact that VULFs are essentially dark matter waves and as such they carry both temporal and spatial phase information. Thereby the discovery reach can be improved by using distributed networks of precision measurement tools. We find the expected dark-matter signal by deriving the spatio-temporal two-point VULF correlation function. Based on the developed understanding of coherence properties of dark-matter fields, we propose several experiments for dark matter wave detection. In the most basic version, the modifications to already running experiments are minor and only require GPS-assisted time-stamping of data. We also derive the expected dark matter line profile for individual detectors.
Exacting the microscopic nature of dark matter (DM) is one of grand challenges of modern physics and cosmology [1, 2] . The challenge lies in extrapolating from the observational galactic to the laboratory or microscopic scales. It was recently realized [3] that ultralight fields, while being cold DM candidates, can also solve the hierarchy problem elevating such fields to the important class of "economic" DM models such as weaklyinteracting massive particles and axions [1, 2] . We will refer to such ultralight fields as VULFs (Virialized UltraLight Fields). Direct searches for VULFs due to their non-particle nature require low-energy precision measurements. Such measurements, with their exquisite precision, have been historically important in powerfully constraining new physics beyond the Standard Model (SM). Individual VULF DM search proposals cover a broad range of experiments [4] [5] [6] [7] [8] [9] [10] : atomic clocks, magnetometers, accelerometers, interferometers, cavities, resonators, permanent electric-dipole and parity-violation measurements, and extend to gravitational wave detectors. The sought DM signature in these proposals is DMinduced oscillations of the measured signals at the VULF Compton frequencies at the device location.
An important point is that VULFs are waves, and while they do induce an oscillating in time signal at a given spatial location, DM signals at different locations have a fixed phase relation (see Fig. 1(a) ), i.e., the signals are correlated. Based on this observation, here we argue that a wider discovery reach can be gained by sampling the DM wave at several locations via a network of precision measurement tools. Further, the VULF signal is composed out of interfering waves traveling at different velocities and in different directions; thereby the problem of relating signals at different space-time locations requires computations of dark-matter correlation functions, derived here. Based on these ideas and derivations, we propose a number of DM wave detection experiments. In the most basic version, the modifications to already running experiments are minor and only require simple GPS-assisted time-stamping of data taking [11] . Previously a network of precision measurement devices have been proposed for detecting topological defects sweeping through the networks [12, 13] ; here we show that such networks can be also used as discovery tools for VULF dark matter. In the VULF models, dark matter is composed of ultralight spin 0 bosonic fields, oscillating at their Compton frequency ω φ = m φ c 2 / , where m φ is the boson mass (see review [14] 
Additional commonality of all the enumerated proposals is the coupling of DM fields to particles and fields in terms of the so-called portals, when the gauge-invariant operators of the SM fields O X are coupled to the operators involving DM fields [13, 17] . One of possibilities is the linear coupling (Higgs or linear portal),
Here O X are various pieces from the SM Lagrangian, −L SM = X O X , such as the fermion rest mass energies, electromagnetic field tensor contribution, gluon field contribution, etc. Λ X are the energy scales, characterizing the strength of the coupling. Quite naturally this portal when combined with the SM Lagrangian, leads to variation of fundamental constants, e.g., the electron rest mass m e is modulated by DM field as m e (t, r) = m e × 1 + √ cφ (t, r) /Λ me or the fine structure con-
where m e and α are unperturbed quantities. VULF fields oscillate at Compton frequencies, leading to oscillating corrections to fundamental constants [4] .
A typical apparatus measures a signal S X (t, r) associated with a piece O X of the SM Lagrangian (or their combination). For example, an optical clock measures transition frequencies that depend on α. Then the measured quantity has a DM-induced admixture ∆S X (t, r) that is proportional to the field value φ (t, r) at the device location. Thereby in the assumption of Higgs portal, the correlation between two devices DM signals can be expressed in terms of the two-point DM field correlation function
We could also introduce a correlation function for space-time variation of fundamental constants, e.g.
; it is expressed in terms of DM field correlation function.
We derive the VULF correlation function g (τ, d) by generalizing the formalism of quantum optics to massive spin-0 bosons and quasi-Maxwellian velocity distribution of DM fields. The derivation is given in Supplementary Materials. The resulting correlation function reads 
where coherence time τ c ≡ ξ 2 ω φ −1 ≈ 10 6 /ω φ and length λ c ≡ / (m φ ξc) are expressed in terms of the virial velocity ξc ≈ 10 −3 c. Thereby the correlation function encodes the priors on VULFs and DM halo, such as the DM energy density in the vicinity of the Solar system [18] , ρ DM ≈ 0.4 GeV/cm 3 , motion through the DM halo at v g and the virial velocity ξc. As such it provides an improved statistical confidence in the event of an observation of DM signal. Now with the correlation function at hand, we explore the vast VULF parameter landscape. Typical values of various parameters are compiled in Table I . Coherence time is roughly a million of Compton periods. The coherence length can be interpreted as the de Broglie wavelength of a particle moving at virial velocity and it is thousand times larger than the Compton wavelength. The number density of VULF particles ρ DM / m φ c 2 ranges from 10 8 to 10 32 cm −3 for the indicated masses, i.e., a typical device interacts with a macroscopic number of DM particles. Compton frequencies range from nHz to PHz. Notice that one oscillation per year corresponds to f φ = 3 × 10 −8 Hz (m φ ∼ 10 −22 eV). As points of reference for the coherence length, the size of our galaxy is ∼ 10 18 km and the Earth diameter ∼ 10 4 km. ∼ λc associated with our motion through DM halo.
In the limit when both coherence length λ c and time τ c are infinitely large one recovers the fully coherent wave correlation function
For a single geographic location the associated power spectral density (PSD) in frequency space is a spike at the Doppler-shifted Compton frequency. Searching for such resonances has been proposed [4] for atomic clocks and the first spectroscopic results were reported [19] . For a global network, the spatial correlations come from the dot product
A natural question is how to probe various distances. In galactic coordinates, the Sun moves through the halo in the (l = 90
• , b = 0 • ) direction, roughly towards the Cygnus constellation. The most straightforward approach is to place two satellites with, for example, two precision clocks onboard in the vicinity of a Lagrange point, orient their relative position vector d towards Cygnus constellation (see Fig. 1(b) ) and carry out a series of measurements at various distances. This would map out the spatial part of the correlation function. More practical approach is to carry out terrestrial experiments (see Fig. 1(c) ) with fixed positions of network nodes and rely on the angular dependence of the k g · d = cos θ m φ v g d/ of the phase. The angle θ would change due to the Earth rotation. The inclination angle of the Cygnus constellation (i.e. direction of motion through the halo) as seen from the Earth is about 45
• . As an example, consider two geographically remote labs located along the 45th parallel (see Fig. 1(c) ). Their two-node correlation function would sample k g · d in the range from zero to k g d/ √ 2 over the course of one day. It is worth emphasizing that the coherence length λ c ∼ k −1 g , thereby two sites have the most sensitivity for d < λ c .
The geographic arrangement in Fig. 1(c) serves as an illustrative example as simply time-synchronized measurements in existing laboratories [11] , Fig. 1(a) , should be sufficient for the proposed global data analysis. GNOME network [20] infrastructure can serve as a natural host for the VULF DM observatory. One could also use clocks on numerous navigational satellites, such as GPS, to search for correlation patterns [13] ; these have an advantage of half-a-day orbits (GPS) and a large d ∼50,000 km aperture. eLISA gravitational wave mission [21] (a network of three satellites) can also be used for VULF detection. Another point is that the network does not need to be homogenous, and various precision measurement tools can be included in the network. Indeed, as long as the DM portal is linear, Eq. (1), such a global observatory can "cast a much wider net" on possible DM couplings.
Compared to an individual device, the statistical sensitivity of a correlated network is improved by the factor √ N nodes , where N nodes is the number of nodes. It is further improved through the sampling of the k g ·d phase by √ N kd (N kd measurements of correlation function). All individual detector proposals [4] [5] [6] [7] [8] [9] [10] searching for Compton frequency oscillations can substantially constrain yet unexplored parameter space. There is no need to reproduce projected sensitivities of these proposals here; one could simple rescale them by the factor 1/ √ N nodes N kd . For co-located devices (or the same apparatus), the "local" temporal correlation function is
Notice the presence of the coherence length in the combination v g τ /λ c ; it arise due to our motion through DM halo over the lag time τ thereby sampling DM fields v g τ ≈ 10 −3 cτ distance apart. For τ = 1 s this translates into the ∼ 300 km distance. Considering that v g ∼ v vir , v g τ /λ c ∼ τ /τ c . The signal primary oscillation frequency also depends on v g . Since the Earth velocity changes seasonally, annual velocity modulations are imprinted in the correlation function.
In practice, one would obtain a time series of measurements {S n } at t n = n t 0 , compute auto-correlation function G k = S n S n+k and see if it fits Eq. (4). Another approach is to work in the frequency space and examine the power spectral density of S n given by the Fourier transform of G k . To facilitate a comparison with G k . we can define the DM-induced lineshape as a Fourier transform of the correlation function f (ω) = 1 2π
g /2 the resulting "DM line-shape" reads 
This holds for detunings
The profile is shown in Fig.2 . As expected the line-width is ∼ τ −1 c . The profile is strongly asymmetric due to parabolic dispersion relation for massive non-relativistic bosons. For η = 1, the maximum F (ω) value of ≈ 0.18τ c is attained at ω ≈ ω φ + 0.22/τ c and the width at half-maximum is ∆ω φ ≈ 2.5/τ c . It is broad in the spectroscopic sense as ∆ω φ /ω φ = 3 × 10 −6 . Now we examine a practical example of a network: a network of atomic clocks. As an illustration we focus on two nodes each hosting identical devices in the configuration of Fig. 1(b) , i.e., orientation with respect to galactic velocity v g is static yet we can vary the distance d between the nodes. Extension to rotating reference frame for terrestrial networks is straightforward. In our preceding discussion we assumed that the measurements were instantaneous; in practice there is always a finite interrogation time t 0 for a single measurement. We assume that the next measurement is taken right after the previous one was completed (no "dead" times) and that the measurements at different nodes are synchronized. We form a time series of fractional frequency excursions {S (m) n ≡ (ω n − ω c )/ω c } taken at t n = nt 0 ; n = 1, N for a fixed distance d, with m labeling the node and ω c being the nominal clock frequency (strictly speaking one needs to form frequency ratios of two co-located clocks [4] ). The VULF contribution to S (m) n can be expressed in terms of sensitivity coefficients K X = ∂ ln ω c /∂ ln X and singlemeasurement accumulated clock phase
Notice the integral of the VULF field time evolution history over the interrogation duration. The
reduces to a double integral over the field correlation function 
The dependence on the distance d is transparent. The "window" function W(ω φ t 0 ) = sin
emphasizes the dependence on the ratio of interrogation time to the period of VULF oscillation. If VULF oscillations are slow compared to t 0 , then A(ω φ t 0 1) ≈ 1 and if they are fast, the effect tends to average out, W(ω φ t 0 1) ≈ 2(ω φ t 0 ) −2 . For a typical [22] t 0 ∼ 1 s, the separation between the two regimes occurs for f φ ≈ 1 Hz (m φ ∼ 10 −14 eV). Another consideration is synchronization accuracy: for fast oscillations, the uncertainly comes from sin 2 (ω φ t 0 /2) in W: if t 0 is uncertain σ t0 1/ω φ , the W-factor in Eq. (6) has uncontrolled oscillatory behavior invalidating the entire analysis. Ref. [23] has demonstrated open-air synchronization of optical clocks at the level of fs. Thereby we expect that a network should remain sensitive to f φ 10 12 Hz; at such frequencies the smallness of coherence time on the interrogation timescale becomes more important. Similar considerations apply to fiber networks [24] and GPS time transfer [25] .
So far we have discussed large-scale experiments: a satellite mission where the distance d between the devices can be in the order of 10 6 km and terrestrial networks where the separations can be as large as ∼ 10 4 km. Finally, it is worth pointing out that small-scale experiments can probe a complementary parameter space of large masses (see Table I ). For example, the coherence length of sub-meV VULFs is of a meter scale, while eV VULFs have λ c ∼ 100 µm. These lengths suggest tabletop experiments or measurements with optical tweezers [26] where the distance between individual atoms can be varied. Additional advantage of table-top experiments is a better synchronization as the common laser source can be used to probe both locations and the possibility of using rotating tables [27] that would compensate for the earth rotation with respect to the galactic wave vector.
